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Particle creation via relaxing hypermagnetic knots
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We demonstrate that particle production for fermions coupled chirally to an Abelian gauge field like the
hypercharge field is provided by the microscopic mechanism of level crossing. For this purpose we use recent
results on zero modes of Dirac operators for a class of localized hypermagnetic knots.

PACS numbsds): 11.27+d, 95.30.Cq

[. INTRODUCTION namic equilibrium in the universe such that any imbalance
between particles and antiparticles is washed out immedi-
It is well known that in chiral theories the chiral anomaly ately. When these hypermagnetic knots relax at later times
[1,2] together with some topological properties of the gaugavhen thermodynamic equilibrium no longer holds, particle
fields open the possibility for particle-number violating pro- creation may result. These features are described in detail
cesseg3]. On one hand, such processes may become ref.g- in[7—11] and in the references quoted there.
evant at high-energy experiments in the TeV range; on the Here_the question arises Wh_ether a similar microscopic
other hand some version of these particle-number violatingnechanism(like the level-crossing phenomenomay be
processes is believed to be the most promising candidate f@ilentified that is responsible for the particle creation. The
explaining the dominance of matter over antimatter observe@roblem here is that there is no simple topological feature
in the current universe. like the index theoremi12—14 in the non-Abelian case that
These particle-number violating processes are describe@giarantees the existence and counts the number of zero
in a slightly different manner, depending on whether the relmodes. In addition, until recently there was not much infor-
evant gauge fields are non-Abelidnontaining an S(?) ~ mation available on zero modes of the spatia. three-
subgroup or Abelian. In the non-Abelian case even gaugedimensional Abelian Dirac operator, at all. The first ex-
fields interpolating between vacuum configurations at initial@mple of such a zero mode was given only in 19861il,
time t; and final timet; may provide particle-number viola- and some further results including the feature of zero mode
tion (i.e. particle creationprovided that the pure vacuum degeneracy were obtained recently i6—21.
fields att; andt; have different winding numbers, andn;, It is the purpose of this paper to show that in the case of
respectively. Moreover, the total number of particles createdhe class of localized hypermagnetic knots that were dis-
is two times the Pontryagin index of the given gauge field incussed in[18] it is indeed the level crossing phenomenon
a Euclidean formulation. In Minkowski space this translatesthat accounts for particle production. We shall find that the
into the condition that the number of created particles is twdiumber of levels crossed exactly matches the number of par-
times the number of level&igenvalues of the spatial but ticles created as predicted by the anomaly equation.
time-dependent Dirac operajdhat cross zero as the gauge We use Minkowski space conventions,,=diag (1,
field evolves from the vacuum 4t to the vacuum at; [4].  —1,—1,—1), Greek indices are space-time indices and latin
This introduces a microscopic description of the particle creindices are space indices.
ation mechanism in the sense that each time a level crosses
zero a particle is created and an anti-particle is annihilated Il. ANOMALY EQUATION
(or vice versa, depending on the sign of the level crogsing
In the Abelian case there are no nontrivial, nonequivalent The Abelian anomaly equation for one fermion species is
vacuum configurations, and therefore particle creation is nofsee e.g[22])
expected for vacuum to vacuum transitions. However, the
anomaly relation still predicts particle creation, e.g., for a
transition from a non-vacuum configuratiéwith non-zero aM(J';L—JE)=
Chern-Simons numbgito a vacuum configuratiofb,6]. It
may for instance happen that non-trivial configurations of the
Abelian hyper-charge field(hypermagnetic knojs are  where the coupling constant is absorbed into the Abelian
formed at an instance of time when there is still thermody-gauge fieldA,, F,,=d,A,—d,A, and it is assumed that
the left-handed and right-handed currents couple differently.
Here one could, for example, assume the hyper-charge as-
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sider only one particle species. Further we assume for lateghereN(x) is the vector field
convenience thad,=0. Then the anomaly equation may be
re-written like L 2X1X3— 2%,

X) = 2XoX3+ 2%y 9
) (1+r2) ©

1
(9’“‘\];:_4_772Eijk[ao(AiajAk)+ai(AjaoAk)] (2) 1—XE_X§+X§

. . , with unit lengthN?=1. In addition, there is a hyperelectric
(concerning the apparent sign change, we use Eljclldean COflald due to the time dependence/f, which may however
ventions for the purely space-like indices, egb;j=a-b). If  pe weak ifc(t) changes only slowly in time.
we further assume that both currents and gauge fields are The hypermagnetic fieltB) is the simplest possible local-
confined to a finite space region for the time interval wejzed knotted magnetic field configuratiphl]. Alternatively
consider we find upon integration over all space and the tim@ may be described as the Hopf curvature of the simplest

interval[t;,t¢] Hopf map[18,23, or it may be generated in the following
way: choose the simplest nontrivial 8) pure gauge ele-

f d3x(35(t¢ ,x) — I5(t;,X)) mentU(x) on compatified Rwith winding number onéi.e.,
the identity mags®— S®). Perform an Abelian projection via

1 o R o . Gk(i)ztr(UT&kUag), then the Abelian gauge fiel&, is
=— —zf d3X[(A-B)(t;,x)— (A-B)(t;,X)] 3 proportional to the gauge fiel¥), and the magnetic field
4m €jk19kG, Is proportional to the knotted hypermagnetic field
(8) [24].
Now we need the following important result on zero
modes of the above spatial Dirac equatinfor the specific

gauge field7). When the factoc(t) in Eq. (7) (treated now
Ill. LEVEL CROSSING: SIMPLEST CASE as an arbitrary constanobeys

where the left-hand sidé.HS) is the change in particle num-
ber between; andt;.

For the discussion of the level crossing phenomenon, let c=1+2k, k=123... (10)
us start from the usual four-dimensional Dirac equation
_ then the Dirac equation(5) has preciselyk (square-
y“(—id,—A,)¢¥=0. (4)  integrable, non-singulazero modes. This was demonstrated
by explicit construction of the zero modes [ih7,1§. Fur-
We want to study zero energy bound states at some fixegher, it was proven irf20] that these are indeed all zero
time, thereforeys has to be independent of time for our pur- modes that exist for the Dirac operat@) with gauge field
poses. Further, we study a chiral theory, therefore the fourez),
component Dirac spinoy has to be replaced by the two-  For Jater convenience, we display the single zero mode
component Weyl spinoW. AssumingA,=0 and choosing  for the simplest case=3,
an appropriate representation of the gamma matrices we fi-
nally get (& are the Pauli matrices .1
=———(1+ixa)| .|. 11
. (1+ r2)3/2 0
O'k(_lak_Ak)‘I’ZO. (5)
Here A . ¢ v but is still 1 The construction of the higher zero modd$or c
q ere 5 c?nzsts 0 spa:cte C(t)rgpon?entst_on y butis st t::n:ed: 5,7,...) isexplained in the Appendix.
ependent. AS we want fo study relaxation processes that do gy assume that(t) is relaxed from an initial value
not change the shape of the gauge figldd hypermagnetic

field) we now assume c(t)=1+2K (12)
A(t,X) =c(t) A(X) (6) whereK is assumed large, to a smatir zer final value
c(ts) <3 such that’ <0 fort;<t<t;. Then the numbel of
wherec(t) relaxes from an initial to a final value. levels crossed obviously is
At this point we should describe the simplest knotted field K
configuration that we want to discuss in this section. The L= ke K(K+1) 13
gauge field and its hypermagnetic field are=<(x|) =
_ N;(X) Finally we have to calculate the Chern-Simons number of the
A (t,x)=c(t) T2 (7)  gauge field(7). This is easily done and leads to
1 I | 4¢2(t)  c3(1)
- 3 — 3 —
R R N;(X) —Zfd XA(t,X)-B(t,X)——Zf d X———== 2
Bi(t,X) = €1 A (1,X) = 4c(t) ——— (8) 4m Am (1+r9)
i (1,X) = €1 A (1,X) ()(1+r2)2 (14)
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Inserting this into the anomaly equatid8) and using the with modulus and phase
value(12) for c(t;) leads to the following result for the num-

ber N of particles created: _ 4(r?—x3) X5 1-r?
T=xx=———,5» o=arctan-+arctan—.
N= Z(Cz(ti) —c¥(t))=K(K+1)+ 24~ c’(ty). (15 (19

] ] ) The Hopf curvature of the simplest standard Hopf map is
Interestingly, if we want to have a precise matchie 2L

between the numbeN of created particles and the numlier . 16 .
of level crossings then we should choagé;) = +1 instead B= 55 (20
of c(t;) =0 [in fact, c(t;)= —1 will turn out to be the more (1+r17)

natural choice, see beldgwHowever, for largeX this differ-

ence becomes, of course, negligible. i.e., it is just the magnetic fiel®B) with c=4.

Specifically, we are interested in Hopf maps that are com-

positions of the standard Hopf map with mapsS?— S?,
IV. LEVEL CROSSING: MORE GENERAL CASES

Here we want to demonstrate that the relatibn 2L be-
tween the numbeN of particles created and the numiieof
levels crossed holds, in fact, for a much wider class of 9audfiere, if G has degredi.e. winding number m, then the
potentials (and their hypermagnetic fieldsThis class of composed Hopf map¢ has Hopf indexN,=m?.
fields and their zero modes were discussed18, so we Now the result of[18] is as follows. Construct a gauge
have to review some of these results. field (and its magnetic field by subtracting the “back-
b _In [18] th_e goncept of Hopf maps was ;‘SEO" S0 _Iet usground” field A® from an arbitrary Hopf connection of the

riefly explain it. Hopf maps are ma®— S?. The third h 21)
homotopy group of the two-sphere is non-trividlz(S?) ype '
=Z, therefore such maps are characterized by an integer A® = j(®)_iB 22)
topological index, the so-called Hopf index. Hopf maps may
be expressed, e.g., by mapsR®— C provided that the com-
plex function y obeys Iim;‘_,wx(ﬁ)=)(0=const. The pre-
images inR® of points of the targeg? (i.e., the pre-images
of points y=const) are closed curves R (or in the related
domainS®). Any two different closed curves are linkéd, 1
times, whereN,, is the Hopf index of the given Hopf map. AB= N (24)

R - 2
Further, a magnetic fiel# (the Hopf curvaturgis related to 1+r
the Hopf mapy via

X G
X S-S (21)

B(O) = Gx A© = §©)_ ge 23

where 3® is the Hopf curvature of the Hopf mag1) and

is just the simplest gauge field@) (with c=1). Then the
5’_2 (G0 X (3x) _2(§T)><50- " Dirac equation(5) with gauge fieldA(®) has
L @Qx® (14T k=2m-1 (25

where y=Sd7 is expressed in terms of its modul® zero modes. This implies that half-integercorresponding

—:TY2and phaser at the RHS of Eq(16). to double-valued, square-root type mapsS’— S? have to
Mathematically, the curvature F= %]:ijdxidxj . Fii be allowed in order to take into account the cases when the

= i By, is the pullback under the Hopf mag=x* (), of ~ number of zero modes is even. .

the standard area two-forifd on the targetS’. Geometri- Again, the zero modes for gauge fields of the type)

cally, Bis tangent to the closed curves=const (see e.g. have been constructed explicitly i8], and it was proven in

[23,25,26,23. The Hopf indexN,; of y may be computed [20] that these are all zero modes that exist for the given

f B Vi gauge fields.
rom 5 via As in [18] we now want to consider in detail the class of
1 mapsG
Ny= d3xA-B 1 — = —
H 167TZJ xA (9 G(z,2)=f(zz)z"=:g"%(zz)e'™ 29@ (26)
whereB=dx A. (we use the complex variabieas a stereographic coordinate

on $?) which is indeed a maf?— S? with winding number

The simplest(standargl Hopf ma with Hopf index
plest( ol Hop PX P m provided thatg(0)=0 and g(«)=c, see[18]. Con-

NH:]' |S
cretely, we assume
2(xqt+ix .\ o
Y= 2 tixg) (18) lim g(zz)~|zz|%, ¢c,>0 (27)
2x3—i(1—r?) l2—0
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lim g(zz)~zz|°,

|z| e

c..>0. (29)

Otherwiseg is not much restricte¢of courseg=0 holds by
definition). The corresponding Hopf map with Hopf index
Ny=m? reads

Xg.m= 91/2(T)eima

wherem is integer or half-integer, an@l and o are given in
Eq. (19. The Hopf curvature of the Hopf mafR9) is
['=(a/dT)]

(29

(1+T)2
D

Bem =
(1+9)°

=:mBY (30)

whereB is the simplest Hopf curvatur@0). The Hopf con-
nection of Eq.(30) is

1

A(9.m) —  71(9) — _
A mA==m 1tg 1+T

(dT)XN
(31

Q+1(
1472 T

It may be checked after some algebra that indB&d™ = g
x A@M  put we shall computel® in a simple fashion in

PHYSICAL REVIEW D62 105027

the Appendix. In addition, the construction of the zero modes
for the gauge field€22) with Hopf maps(29) is demon-
strated explicitly in the Appendix.

Now let us construct the following time-dependent gauge
fields:

AC)(t)=c(t). A —AB (32)

B(®)(t)=c(t)B9 - B® (33
wherec(t) relaxes from a large initial value(t;) to zero,
C(tf):O. If

K+1

c(t)= >

(34)

then the total number of levels crossed betweeandt s is
again

K(K+1)

K
L=, k= (35)
K=1 2

Now we have to evaluate the Chern-Simons integral in Eq.

@),

1 N N 1 - > Cz(ti) - N C(ti) - 2B, *B
N= _f d3xAC)(t;)- B(G)(ti)__f d®xAC)(t;)- BO)(t5) = _f d3x A©@. B9 — _f d3x[ A9 . BB+ AB. 5(9)]
472 472 47? 472
_ c(t) [, 64 g’(1+T)2_c(ti) 5 16 16 g'(1+T)? | 36
4m? (1+r%)° (1+9)*  47? (1+r%)°  (1+r?)°% (1+9)?

Here we may use the fact that? is a Hopf curvature with
Hopf index one,

1 - N
— | d3xA@.59=1 3
167> 37
and the fact that the two integrands in E86) that are mul-
tiplied by c(t;) are proportional to the integrand in EQ7)
and to the simplest Chern-Simons integrand in 84), re-
spectively.

Therefore, the relatioh=2L between the numbe\ of par-
ticles created and the numberof levels crossed is con-
firmed for the class of gauge field82) with the knotted
hypermagnetic field¢33).

Observe that only the Hopf connection part in E8p) is
relaxed fromc(t;) to zero, whereas the “background” field
remains unchanged. However, for sufficiently lacfé) the
difference becomes negligible. In addition, as the Hopf cur-
vatures of all the Hopf map&1) point into the same direc-

tion as the background field® at each point in space, the

[Remark We want to remind the reader that the Chern-Nypermagnetic field&23) [and specifically Eq(33)] are still
Simons integral is gauge invariant, although the integrand i§notted field configurations.

not. Multiply valued gauge functions, which would violate

gauge invariance, do not occur in simply connected spaces
like Euclidean spacé&hey have to be excluded because they

lead to singular gauge potentials
We arrive at

K+1

5 =K(K+1).

(39

K+1)2
— =2

N=4c?(t)—c(t)(1+1) =4( >

V. SUMMARY

For a whole class of localized hypermagnetic knots we
have demonstrated that the particle creation that is predicted
by the anomaly equation is indeed provided by the micro-
scopical mechanism of level crossing. We found a precise
matching between the number of levels crossed on one hand
and the number of particles created on the other hand. This
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precise matching leads, of course, to the immediate conjec- ACKNOWLEDGMENTS
ture that this microscopic description remains true in more B.M. aratefully acknowledaes financial support from the
general cases. However, as already stated, some major anair.ﬂn. gand M)ébilit of Re%earchers sche?(?EMR o
sults on zero modes of the Abelian Dirac operator in three-E 9 y '
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dimensions were obtained only recently, therefore more
mathematical investigations are necessary before this ques-
tion can be finally answered.

Before ending this section, we want to briefly mention | this appendix we want to construct the zero modes of
another point. For simplicity, we assumed throughout thishe pirac operatorés) with gauge field$22) for the specific
paper that the relaxation of the hypermagnetic fields is progjass of Hopf map$29). For this purpose we shall make use

vided by a simple factoc(t) multiplying the given hyper-  of some further results ¢tL8], so let us briefly review them.
magnetic knot configuration. However, by making use of thet yas shown in18] that the spinor

scale invariance of the Dirac equati®) we may relate this
relaxation to another type of relaxation that may be more (M) = M2 (A1)
realistic in cosmological applications. Scale invariance

means that if a give’ (x) andA(x) solve the Dirac equa- is a zero mode for some D‘“’?‘C operatqr. Hireis the sim-
tion (5), then g (x) (x) g plest zero modg1l) and M is a function of T only, M

=M(T) [T is given in Eq.(19)]. Further it should hold that
expM)>0 for all T<x, i.e., expM) has no zeros at finité.

APPENDIX

TR (Ax) =0 (39 if exp(M) behaves like
holds for arbitrary reak. Now let us use Eq(39) for the lim exp(M)~T " (A2)
gauge field(32) and choosex=c~(t). It follows that the T—o

gauge field o
(where n, must be a non-negative integethen further
square-integrable zero modes for teemeDirac operator

A(C’g)(x) ;:j(c_l(t)x)—C_l(t),&B(C_l(t)X) (40 like ¥M) gre

still leads to a Dirac operator witk zero modes when(t) \III(M):Xlllf(M)' [=0,...n, (A3)
=(k+1)/2, i.e., the number of levels crossed is as in Sec IV
whenc(t) changes from an initial valug(t;) to a final value  and there exisk=n.,+ 1 zero modes for this Dirac operator.
c(ts). Further, the number of particles created remains th@he task in[18] was to calculate the Dirac operator and the
same, too, because the Chern-Simons integral remains thielated magnetic field from a given zero mo#é"), and to
same, show that these magnetic fields are indeed related to Hopf
curvatures as indicated in E3).
1 ) ) 1 Here we want to do the opposite. We assume that a Hopf
—zf d3xAC9(x) - B(¢9)(x) = 4c(t) — 2¢(t) + 7 curvature B@™ (i.e., a functiong and a integer or half-
4 integer numbem) with Hopf index Ny=m? is given, and

(41) we want to findvl and the number of zero modes. In fact, the
relation betweend,m) and (M,n..) was already calculated
Here in [18] and reads
BEeO(x)=c () B (t)x)— ¢ *(H)BE(Cc H(t)x) m_ 1 1.l
(42) Trg 1rt 2™ 3N (A4)

and it is especially interesting to consider a relaxation that is

inverse to the one of Sec. IV, i.ec(t})>c(t;), d,c(t)>0. m=1+3n. (A5)

In this case the hypermagnetic kn@t2) relaxes from a

strong and rapidly varying field that is confined to a smallwhich may be re-expressed as

region of space to a weak and slowly varying field that is

spread over a large volume. , 1 n,+(2+n,)T—-2g| n,
Further we observe that, as largg) correspond to large M= T (1+g@+m) | T

numbers of levels crossed, an infra-red hypermagnetic field

(i.e., a slowly varying one that is spread over a large regionf g behaves as is assumed in E@), (28) then Eq.(A6) is

of space is especially efficient in producing particles. This integrable aff=0. Further, it is integrable for finit& (even

observation is interesting since, as is explained, e.g., iif g has a singularity or zero somewhgrerhich guarantees

[8—11], only such infra-red hypermagnetic knots may sur-—o <M < for T<w, as is assumed above. In addition, the

vive sufficiently long in an electro-weak plasma before thelarge T behavior is determined entirely by the second term

electro-weak phase transition to be relevant for particle proen the RHS of Eq(A6) and leads tM ~ —n.In T as it must

duction in the early universe. be.

(AB)
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Now we want to use EqA6) to prove expressio(81) for

the Hopf connectiond@. It was shown if18] that.4(? in
terms ofM reads

. 4 . 1 . .
A(g)=mN+EM'(8T)XN. (A7)

PHYSICAL REVIEW D62 105027

Finally, we may calculate the zero modes for the fields of
Sec. Il (the simplest hypermagnetic knptas an example.
Hereg=T and

M=-n,In(1+T) (A8)

[where we chose the irrelevant integration constant such that
M(0)=0]. Therefore, if the constart in Eq. (10) is c=1

A9 is a Hopf connection with Hopf index one, therefore we + 2k, thek=n,,+1 zero modes are

may insertM’ from Eq. (A6) with n,=0 into Eq. (A7),

which easily reproduces E¢31) [a further pure gauge con-

tribution is absent in EqA7) because due to,,=0 it holds
that expM)>0VT].

M=) (1+T) "%, 1=0,...n.  (A9)

whereW is given in Eq.(11).
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